We report on a comparative study of the profile of the CKM unitarity triangle, and the resulting CP asymmetries in B decays, in the standard model and in several variants of the minimal supersymmetric standard model (MSSM), characterized by a single phase in the quark flavour mixing matrix. The supersymmetric contributions to the mass differences ∆M d , ∆M s and to the CP-violating quantity |ǫ| are, to an excellent approximation, equal to each other in these theories, allowing for a particularly simple way of implementing the resulting constraints on the elements of V CKM from the present knowledge of these quantities. Incorporating the nextto-leading-order corrections and applying the current direct and indirect constraints on the supersymmetric parameters, we find that the predicted ranges of sin 2β in the standard model and in MSSM models are very similar. However, precise measurements at B-factories and hadron machines may be able to distinguish these theories in terms of the other two CP-violating phases α and γ. This is illustrated for some representative values of the supersymmetric contributions in ∆M d , ∆M s and |ǫ|. 
Introduction
Within the standard model (SM), CP violation is due to the presence of a nonzero complex phase in the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix V [1] . A particularly useful parametrization of the CKM matrix, due to Wolfenstein [2] , follows from the observation that the elements of this matrix exhibit a hierarchy in terms of λ, the Cabibbo angle. In this parametrization the CKM matrix can be written approximately as 
The allowed region in ρ-η space can be elegantly displayed using the so-called unitarity triangle (UT). The unitarity of the CKM matrix leads to the following relation:
Using the form of the CKM matrix in Eq. (1), this can be recast as
which is a triangle relation in the complex plane (i.e. ρ-η space), illustrated in Fig. 1 . Thus, allowed values of ρ and η translate into allowed shapes of the unitarity triangle.
Constraints on ρ and η come from a variety of sources. Of the quantities shown in Fig. 1 , |V cb | and |V ub | can be extracted from semileptonic B decays, while |V td | is probed in B mixing. The interior CP-violating angles α, β and γ can be measured through CP asymmetries in B decays [3] . Additional constraints come from CP violation in the kaon system (|ǫ|), as well as B 0 s -B 0 s mixing. In light of the fact that the B-factory era is almost upon us, one of the purposes of this paper is to update the profile of the unitarity triangle within the SM using the latest experimental data. This analysis is done at next-to-leading-order (NLO) precision, taking into account the state-of-the-art calculations of the hadronic matrix elements from lattice QCD and available data. This therefore provides a theoretically-robust overview of the SM expectations for the allowed values of the CP-violating phases, as well as their correlations.
These CP phases are expected to be measured in the very new future. If Nature is kind, the unitarity triangle, as constructed from direct measurements of α, β and γ, will be inconsistent with that obtained from independent measurements of the sides. If this were to happen, it would be clear evidence for the presence of physics beyond the SM, and would be most exciting.
One type of new physics which has been extensively studied is supersymmetry (SUSY). There are a number of hints suggesting that SUSY might indeed be around the corner. One example is gauge-coupling unification: a supersymmetric grand unified theory does better than its non-supersymmetric counterpart. (How compelling these hints are depends on one's point of view.) Partly motivated by this success, but mostly on theoretical grounds, a great deal of effort has gone into a systematic study of the pattern of flavour violation in SUSY, where a number of flavour-changing neutral-current processes in K and B decays have been studied. In this paper we investigate the profile of the unitarity triangle in supersymmetric models. In particular, we explore the extent to which SUSY can be discovered through measurements of the sides and angles of the unitarity triangle.
If new physics (of any type) is present, the principal way in which it can enter is via new contributions, possibly with new phases, to K 0 -K 0 , B [4] . The decay amplitudes, being dominated by virtual W exchange, remain essentially unaffected by new physics. Thus, even in the presence of new physics, the measured values of |V cb | and |V ub | correspond to their true SM values, so that two sides of the UT are unaffected (see Fig. 1 ). However, the third side, which depends on |V td |, will in general be affected by new physics. Furthermore, the measurements of |ǫ| and B 0 s -B 0 s mixing, which provide additional constraints on the UT, will also be affected. Therefore, if new physics is present, the allowed region of the UT, as obtained from current experimental data, may not correspond to the true (SM) allowed region.
The CP angles α and β are expected to be measured via CP-violating asymmetries in B The most general SUSY models allow for the presence of new phases in the couplings of supersymmetric and ordinary particles. In such models the new phases are essentially unconstrained, so that the measured CP phases can be greatly shifted from their SM values. If this is the case, then the new physics will be relatively easy to find: the unitarity triangle constructed from the measurements of α, β and γ will be considerably different from that constructed from measurements of the sides. However, precisely because these new phases are unconstrained, these models lack predictivity. All that one can say is that there are regions of parameter space in which large effects are possible. (Indeed, this is true for any model of new physics which allows for new phases. Examples include models with four generations, Z-mediated flavour-changing neutral currents, flavour-changing neutral scalars, etc. [5] .)
In part because of this, most of the theoretical attention has focussed on SUSY models which, though less general, have considerably more predictive power. The most theoreticallydeveloped model is the minimal supersymmetric standard model (MSSM). Although this is often referred to as a single model, in point of fact there are several variants of the MSSM. Among these is the scenario of minimal supersymmetric flavour violation [6] , which involves, in addition to the SM degrees of freedom, charged Higgs bosons, a light stop (assumed righthanded) and a light chargino, with all other degrees of freedom assumed heavy and hence effectively integrated out. This scenario can be embedded in supergravity (SUGRA) models with gauge-mediated supersymmetry breaking, in which the first two squark generations and the gluinos are assumed heavy. Regardless of which variant is used, the key point for our purposes is that there are no new phases in the couplings -although there are many new contributions to meson mixing, all are proportional to the same combination of CKM matrix elements as found in the SM. As explained above, in this class of models measurements of the CP phases will yield the true SM values for these quantities. However, measurements of meson mixing will be affected by the presence of this new physics.
In this minimal SUSY scenario, NLO calculations for ∆M d , ∆M s and |ǫ| can be extracted from the work of Krauss and Soff [7] . Also, NLO corrections to the decay B → X s γ have been worked out by Ciuchini et al. [6] . We make use of this work and present the profile of the unitarity triangle and CP-violating phases in this scenario, at the NLO precision. A particularly nice feature is that the SUSY contributions to
s -B 0 s mixing have the same form. Thus, as far as the unitarity triangle is concerned, the various SUSY models can be distinguished by a single parameter, f . This simplifies the analysis considerably.
We note that bits and pieces of such an analysis are already present in the literature. However, a theoretically-consistent analysis of the CKM unitarity triangle and the CP-violating phases, taking into account all constraints, has not been performed yet, to the best of our knowledge.
With this analysis, one can explore the extent to which the presence of minimal supersymmetry can be discovered through the precision measurements of the unitarity triangle which will be undertaken by experiments at the B-factories and hadron colliders. As we will see, the profiles of the unitarity triangle in the SM and in MSSM models are similar. However, precise measurements may be able to distinguish them.
In Section 2, we discuss the profile of the unitarity triangle within the SM. We describe the input data used in the fits and present the allowed region in ρ-η space, as well as the presentlyallowed ranges for the CP angles α, β and γ. We turn to supersymmetric models in Section 3. We review several variants of the MSSM, in which the new phases are essentially zero. We also discuss the NLO corrections in such models and show that the SUSY contributions to
s mixing are of the same form and can be characterized by a single parameter f . We compare the profile of the unitarity triangle in SUSY models, for various values of f , with that of the SM. We conclude in Section 4. 3 2 Unitarity Triangle: SM Profile
Input Data
The CKM matrix as parametrized in Eq. (1) depends on four parameters: λ, A, ρ and η. We summarize below the experimental and theoretical data which constrain these CKM parameters.
• |V us |: We recall that |V us | has been extracted with good accuracy from K → πeν and hyperon decays [8] to be |V us | = λ = 0.2196 ± 0.0023 .
In our fits, we ignore the small error on λ.
• |V cb |: The determination of |V cb | from inclusive and exclusive B decays has been studied in a number of papers [9, 10, 11, 12, 13] . The number used here is taken from the Particle Data Group compilation [8] :
• |V ub /V cb |: The knowledge of the CKM matrix element ratio |V ub /V cb | is based on the analysis of the end-point lepton energy spectrum in semileptonic decays B → X u ℓν ℓ and the measurement of the exclusive semileptonic decays B → (π, ρ)ℓν ℓ . Present measurements in both the inclusive and exclusive modes are compatible with [12] :
This gives ρ 2 + η 2 = 0.423 ± 0.064 .
• |ǫ|,B K : The experimental value of |ǫ| is [8] :
In the standard model, |ǫ| is essentially proportional to the imaginary part of the box diagram for K 0 -K 0 mixing and is given by [14] 
where
, and the functions f 2 and f 3 are:
(The above form for f 3 (x, y) is an approximation, obtained in the limit x ≪ y. For the exact expression, see Ref. [15] .) Here, theη i are QCD correction factors, calculated at next-to-leading order in Refs. [16] (η cc ), [17] (η tt ) and [18] (η ct ). The theoretical uncertainty in the expression for |ǫ| is in the renormalization-scale independent parameterB K , which represents our ignorance of the hadronic matrix element
Recent calculations ofB K using lattice QCD methods are summarized in Refs. [19, 20] , yieldingB
•
The mass difference ∆M d is calculated from the B
Unlike the kaon system, where the contributions of both the c-and the t-quarks in the loop are important, this diagram is dominated by t-quark exchange:
where, using Eq.
Here,η B is the QCD correction. In the fits presented in Ref. [22] we used the valueη B = 0.55, calculated in the MS scheme, following Ref. [17] . Consistency requires that the top quark mass be rescaled from its pole (mass) value of m t = 175 ± 5 GeV to the value m t (m t (pole)) = 165 ± 5 GeV in the MS scheme. We shall ignore the slight dependence ofη B on m t (m t (pole)) in the range given here.
For the B system, the hadronic uncertainty is given by f 2 B dB B d , analogous toB K in the kaon system, except that in this case f B d has not been measured. Present estimates of this quantity are summarized in Refs. [19, 20] 
which is a fairly conservative estimate of the present theoretical error on this quantity.
• ∆M s , f s box diagram is again dominated by t-quark exchange, and the mass difference between the mass eigenstates ∆M s is given by a formula analogous to that of Eq. (14):
Using the fact that |V cb | = |V ts | (Eq. (1)), it is clear that one of the sides of the unitarity triangle, |V td /λV cb |, can be obtained from the ratio of ∆M d and ∆M s ,
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The only real uncertainty in this quantity is the ratio of hadronic matrix elements f [19, 20] : ξ s = 1.14 ± 0.06 .
The present lower bound on ∆M s is: ∆M s > 12.4 (ps) −1 (at 95% C.L.) [12] . This bound has been established using the so-called "amplitude method" [24] . This method is also the best procedure for including information about B 0 s -B 0 s mixing in the fit, and works as follows. Given a meson which at t = 0 was pure B 0 s , the probability for it to be detected as a B 0 s at time t is P = 1 2τ
while the probability for it to be detected as a B 0 s is
In the amplitude method, one introduces the amplitude A and writes the oscillations terms as (1 ± A cos ∆M s t). 
(There is also a similar factor which takes into account the deviation of ξ s from its central value (Eq. (18)).)
The data used in our fits are summarized in Table 1 . The quantities with the largest errors 19%) . Of these, the latter three are extremely important in defining the allowed ρ-η region (the large error onη cc does not affect the fit very much). The errors on two of these quantities -B K and f B d B B d -are purely theoretical in origin, and the error on |V ub /V cb | has a significant theoretical component (model dependence). Thus, the present uncertainty in the shape of the unitarity triangle is due in large part to theoretical errors. Reducing these errors will be quite important in getting a precise profile of the unitarity triangle and the CP-violating phases.
There are two other measurements which should be mentioned here.
1.14 ± 0.06 [19, 20] . The remaining theoretical numbers are discussed in the text. The value for ∆M d and the 95% C.L. lower limit on ∆M s are taken from the LEP Electroweak group [12] . All other experimental numbers are taken from the Particle Data Group [8] .
First, the KTEV collaboration [25] has recently reported a measurement of direct CP violation in the K sector through the ratio ǫ ′ /ǫ, with
in agreement with the earlier measurement by the CERN experiment NA31 [26] , which reported a value of (23 ± 6.5) × 10 −4 for the same quantity. The present world average is Re(ǫ ′ /ǫ) = (21.8 ± 3.0) × 10 −4 . This combined result excludes the superweak model [27] by more than 7σ.
A great deal of theoretical effort has gone into calculating this quantity at next-to-leading order accuracy in the SM [28, 29, 30] . The result of this calculation has been summarized in a succint form by Buras and Silvestrini [31] :
Here
Z represents the short-distance contribution, which at the NLO precision is estimated to lie in the range 6.5 ≤ |r (8) Z | ≤ 8.5 [28, 29] . The quantities B 
Finally, the quantity R s in Eq. (23) is defined as:
essentially reflecting the s-quark mass dependence. The present uncertainty on the CKM matrix element is ±23%, which is already substantial. However, the theoretical uncertainties related to the other quantities discussed above are considerably larger. For example, the ranges ǫ ′ /ǫ = (5.3 ± 3.8) × 10 −4 and ǫ ′ /ǫ = (8.5 ± 5.9) × 10 −4 , assuming m s (m c ) = 150 ± 20 MeV and m s (m c ) = 125 ± 20 MeV, respectively, have been quoted as the best representation of the status of ǫ ′ /ǫ in the SM [34] . These estimates are somewhat on the lower side compared to the data but not inconsistent. (For some recent speculations on new physics, see Refs. [35, 36] .) Thus, whereas ǫ ′ /ǫ represents a landmark measurement, removing the superweak model of Wolfenstein and its kith and kin from further consideration, its impact on CKM phenomenology, particularly in constraining the CKM parameters, is marginal. Probably the best use of this measurement is to constrain the s-quark mass, which at present has considerable uncertainty. For this reason we do not include the measurement of ǫ ′ /ǫ in the CKM fits presented here.
Second, the CDF collaboration has recently made a measurement of sin 2β [37] . In the Wolfenstein parametrization, −β is the phase of the CKM matrix element V td . From Eq. (1) one can readily find that
Figure 2: Allowed region in ρ-η space in the SM, from a fit to the ten parameters discussed in the text and given in Table 1 . The limit on ∆M s is included using the amplitde method of Ref. [24] . The theoretical errors on f Thus, a measurement of sin 2β would put a strong contraint on the parameters ρ and η. However, the CDF measurement gives [37] sin 2β = 0.79
or sin 2β > 0 at 93% C.L. As we will see in the next section, this constraint is quite weak -the other measurements already constrain 0.52 ≤ sin 2β ≤ 0.94 at the 95% C.L. in the SM. (The CKM fits reported in Refs. [12, 13, 38] yield similar ranges.) In light of this, and given that it is not clear how to combine the above measurement (which allows for unphysical values of sin 2β) with the other data, we have not included this measurement in our fits.
SM Fits
In order to find the allowed region in ρ-η space, i.e. the allowed shapes of the unitarity triangle, the computer program MINUIT is used to fit the parameters to the constraints described above.. In the fit, we allow ten parameters to vary:
, and ξ s . The ∆M s constraint is included using the amplitude method.
The allowed (95% C.L.) ρ-η region is shown in Fig. 2 . The best fit has (ρ, η) = (0.20, 0.37).
There is an alternative way to include the ∆M s constraint, one which we have used in the past [22] . In this case the constraint is excluded from the fit, but rather one cuts away a region of ρ-η space by superimposing a line corresponding to a particular value of ξ s . Using the 95% C.L. limit on ∆M s and allowing ∆M d to fluctuate upward by 1σ from its central value, one obtains ∆M s /∆M d > 25.5. This yields the following constraint on ρ and η:
Figure 3: Allowed region in ρ-η space in the SM. The ∆M s limit is not included in the fit, but rather imposed by cutting away a region of the space. The disallowed region is shown for three choices of the parameter ξ s : 1.08 (dotted line), 1.14 (dashed line), 1.20 (solid line). In all cases, the region to the left of the curve is ruled out.
We take three candidate values for ξ s : 1.08, 1.14, 1.20. The results are shown in Fig. 3 . The best fit has (ρ, η) = (0.19, 0.37).
A comparison of Figs. 2 and 3 reveals that the allowed regions are similar, though not identical, for the two methods of including the ∆M s constraint. Henceforth, all our results will be presented using the fit which includes this constraint via the amplitude method.
The CP angles α, β and γ can be measured in CP-violating rate asymmetries in B decays [3] . For example, the asymmetries in B 
65
• ≤ α ≤ 123
or, equivalently,
Of course, the values of α, β and γ are correlated, i.e. they are not all allowed simultaneously. After all, the sum of these angles must equal 180
• . We illustrate these correlations in Figs. 4 general SUSY theories, as well as the details of that class of theories whose effects on the unitarity triangle can be directly analyzed.
Flavour Violation in SUSY Models -Overview
We begin with a brief review of flavour violation in the minimal supersymmetric standard model (MSSM).
The low energy effective theory in the MSSM can be specified in terms of the chiral superfields for the three generations of quarks (Q i , U 
The indices i, j = 1, 2, 3 are generation indices and f
are Yukawa coupling matrices in the generation space. A general form of the soft SUSY-breaking term is given by
and H 2 , respectively, andB,W andG are the U(1), SU(2) and SU(3) gauge fermions, respectively.
In fact, there are many variants of the MSSM. All have the same particle content, but the mass hierarchies and supersymmetry-breaking parameters are different. As a result, they lead to different low-energy predictions.
For example, in supergravity (SUGRA) models, the SUSY-breaking parameters in the MSSM are assumed to have a simple structure at the Planck scale [41] . Neglecting the difference between the Planck and the GUT scales, and defining this scale by X, one can express them as follows:
In the minimal SUGRA case, m 0 = ∆ 0 , while in the non-minimal SUGRA case, one takes m 0 and ∆ 0 as independent parameters.
In general, MSSM models have three physical phases, apart from the QCD vacuum parameterθ QCD which we shall take to be zero. The three phases are: (i) the CKM phase represented here by the Wolfenstein parameter η, (ii) the phase θ A = arg(A), and (iii) the phase θ µ = arg(µ) [42] . The last two phases are peculiar to SUSY models and their effects must be taken into account in a general supersymmetric framework. In particular, the CP-violating asymmetries which result from the interference between mixing and decay amplitudes can produce nonstandard effects. Concentrating here on the ∆B = 2 amplitudes, two new phases θ d and θ s arise, which can be parametrized as follows [43] :
where H SU SY is the effective Hamiltonian including both the SM degrees of freedom and the SUSY contributions. Thus, CP-violating asymmetries in B decays would involve not only the phases α, β and γ, defined previously, but additionally θ d or θ s . In other words, the SUSY contributions to the real parts of M 12 (B d ) and M 12 (B s ) are no longer proportional to the CKM matrix elements V td V * tb and V ts V * tb , respectively. If θ d or θ s were unconstrained, one could not make firm predictions about the CP asymmetries in SUSY models. In this case, an analysis of the profile of the unitarity triangle in such models would be futile.
However, the experimental upper limits on the electric dipole moments (EDM) of the neutron and electron [8] do provide constraints on the phases θ µ and θ A [44] . In SUGRA models with a priori complex parameters A and µ, the phase θ µ is strongly bounded with θ µ < 0.01π [45] . The phase θ A can be of O(1) in the small θ µ region, as far as the EDMs are concerned. In both the ∆S = 2 and ∆B = 2 transitions, and for low-to-moderate values of tan β, it has been shown that θ A does not change the phase of either the matrix element M 12 (K) [42] or of M 12 (B) [45] . Hence, in SUGRA models, arg M 12 (B)| SU GRA = arg M 12 (B)| SM = arg(ξ 2 t ), where ξ t = V * td V tb . Likewise, the phase of the SUSY contribution in M 12 (K) is aligned with the phase of the tt-contribution in M 12 (K), given by arg(V td V * ts ). Thus, in SUGRA models, one can effectively set θ d ≃ 0 and θ s ≃ 0, so that the CP-violating asymmetries give information about the SM phases α, β and γ. Hence, an analysis of the UT and CP-violating phases α, β and γ can be carried out in a very similar fashion as in the SM, taking into account the additional contributions to M 12 (K) and M 12 (B).
For large tan β solutions, one has to extend the basis of H ef f (∆B = 2) so as to include new operators whose contribution is small in the low-tan β limit. The resulting effective Hamiltonian is given by
R and C i are the Wilson coefficients [46, 47] . The coefficients C 1 (µ) and C 2 (µ) are real relative to the SM contribution. However, the chargino contributions to C 3 (µ) are generally complex relative to the SM contribution and can generate a new phase shift in the B 0 -B 0 mixing amplitude [48, 49] . This effect is in fact significant for large tan β [46] , since C 3 (µ) is proportional to (m b /m W cos β) 2 . How large this additional phase (θ d and θ s ) can be depends on how the constraints from EDM are imposed. For example, Baek and Ko [49] find that in the MSSM without imposing the EDM constraint, one has 2|θ d | ≤ 6
• for a light stop and large tan β but this phase becomes practically zero if the EDM constraints [50] are imposed. This aspect of the analysis in Ref. [49] , though done without invoking the SUGRA model mass relations, should also hold in SUGRA models.
In a more general supersymmetric scenario, the SUSY effects may lead to additional phases and the constraints from EDMs may not be sufficient to effectively bound them. (A recent example is the so-called "effective supersymmetry" [43] .) As discussed above, such models do not make clean predictions for the CP asymmetries, so that one cannot analyse the profile of the unitarity triangle in this case. Instead, flavour-changing effects in K and B decays in these scenarios will have to be disentangled along the lines suggested in Refs. [43, 51, 52] . These theories may give rise to flavour-violation effects which are uncharacteristic of the SM and MSSM. In particular, they may lead to a measurable charge asymmetry in semileptonic decays of the B 0 and B 0 [52] , which is estimated to be negligible in both the SM and MSSM/SUGRA models discussed above. However, some technical aspects in the most general supersymmetric theories remain to be worked out. For example, the complete NLO corrections for ∆M d , ∆M s and |ǫ| have not been calculated in these theories. The bag constants which correct for the vacuum insertion approximation in the matrix elements of the operators in H ∆S=2 ef f have been calculated using lattice-QCD techniques [53] , but the corresponding estimates for the bag parameters H ∆B=2 ef f
are not yet available. Likewise, the NLO calculations in the general supersymmetric case for the decay B → X s γ are not yet at hand. This last ingredient enters the estimates of the quantities ∆M d , ∆M s and |ǫ| indirectly as the measured branching ratio B(B → X s γ) provides rather stringent constraints on the allowed supersymmetric parameters.
In view of the foregoing, we shall restrict ourselves to a class of SUSY models in which the following features, related to flavour mixing, hold:
• The squark flavour mixing matrix which diagonalizes the squark mass matrix is approximately the same as the corresponding quark mixing matrix V CKM , apart from the leftright mixing of the top squarks.
• The first-and second-generation squarks with the same gauge quantum numbers remain highly degenerate in masses but the third-generation squarks, especially the top squark, can be significantly lighter due to the renormalization effect of the top Yukawa coupling constants.
• The phases θ d and θ s are negligible in the entire tan β plane, once the constraints from the EDMs of neutron and lepton are consistently imposed.
These features lead to an enormous simplification in the flavour structure of the SUSY contributions to flavour-changing processes. 2 , (V tb V * td ) 2 and (V ts V * td ) 2 , respectively. These are precisely the same factors which govern the contribution of the top quark in these transitions in the standard model. Thus, the supersymmetric contributions can be implemented in a straightforward way by adding a (supersymmetric) piece in each of the above mentioned amplitudes to the corresponding top quark contribution in the SM.
NLO Corrections to ∆M d , ∆M s and ǫ in Minimal SUSY Flavour Violation
A number of SUSY models share the features mentioned in the previous subsection, and the supersymmetric contributions to the mass differences M 12 (B) and M 12 (K) have been analyzed in a number of papers [45, 46, 54, 55, 56, 57] , following the pioneering work of Ref. [58] . Following these papers, ∆M d can be expressed as:
where the function A SM (B) can be written by inspection from Eq. (14):
The expressions for A H ± (B), A χ ± (B) and Ag(B) are obtained from the SUSY box diagrams.
Here, H ± , χ ± j ,t a andd i represent, respectively, the charged Higgs, chargino, stop and downtype squarks. The contribution of the intermediate states involving neutralinos is small and usually neglected. The expressions for A H ± (B), A χ ± (B) and Ag(B) are given explicitly in the literature [46, 54, 58] .
We shall not be using the measured value of the mass difference ∆M K due to the uncertain contribution of the long-distance contribution. However, |ǫ| is a short-distance dominated quantity and in supersymmetric theories can be expressed as follows:
where, again by inspection with the SM expression for |ǫ| given in Eq. (10), one has
The expressions for Im A H ± (K), Im A χ ± (B) and Im Ag(B) can be found in Refs. [46, 54, 58] .
For the analysis reported here, we follow the scenario called minimal flavour violation in Ref. [6] . In this class of supersymmetric theories, apart from the SM degrees of freedom, only charged Higgses, charginos and a light stop (assumed to be right-handed) contribute, with all other supersymmetric particles integrated out. This scenario is effectively implemented in a class of SUGRA models (both minimal and non-minimal) and gauge-mediated models [59] , in which the first two squark generations are heavy and the contribution from the intermediate gluino-squark states is small [45, 54, 55, 56, 57] .
For these models, the next-to-leading-order (NLO) corrections for ∆M d , ∆M s and |ǫ| can be found in Ref. [7] . Moreover, the branching ratio B(B → X s γ) has been calculated in Ref. [6] . We make use of this information and quantitatively examine the unitarity triangle, CP-violating asymmetries and their correlations for this class of supersymmetric theories. The phenomenological profiles of the unitarity triangle and CP phases for the SM and this class of supersymmetric models can thus be meaningfully compared. Given the high precision on the phases α, β and γ expected from experiments at B-factories and hadron colliders, a quantitative comparison of this kind could provide a means of discriminating between the SM and this class of MSSM's.
The NLO QCD-corrected effective Hamiltonian for ∆B = 2 transitions in the minimal flavour violation SUSY framework can be expressed as follows [7] :
where the NLO QCD correction factorη 2,S (B) is given by [7] :
in which n f is the number of active quark flavours (here n f = 5), and the quantities Z n f , γ
and β (0) n f are defined below. The operator O LL = O 1 is the one which is present in the SM, previously defined in the discussion following Eq. (35) . The explicit expression for the function S can be obtained from Ref. [58] and for D it is given in Ref. [7] , where it is derived in the NDR (naive dimensional regularization) scheme using MS-renormalization. 
The corresponding expression for ∆M s is obtained by making the appropriate replacements. Since the QCD correction factors are identical for ∆M d and ∆M s , it follows that the quantities ∆M d and ∆M s are enhanced by the same factor in minimal flavour violation supersymmetry, as compared to their SM values, but the ratio ∆M s /∆M d in this theory is the same as in the SM.
The NLO QCD-corrected Hamiltonian for ∆S = 2 transitions in the minimal flavour violation supersymmetric framework has also been obtained in Ref. [7] . From this, the result for ǫ can be written as:
where the NLO QCD correction factor is [7] :
and the quantities entering in Eqs. (41) and (44) are the coefficients of the well-known beta function and anomalous dimensions in QCD:
with N c = 3 and C F = 4/3. The ratiô
is worked out numerically in Ref. [7] as a function of the supersymmetric parameters (chargino mass m χ 2 , mass of the lighter of the two stops mt R , and the mixing angle φ in the stop sector). This ratio is remarkably stable against variations in the mentioned parameters and is found numerically to be about 0.89. 2 Since in the LO approximation the QCD correction factor η 2,S (B)(LO) is the same in the SM and SUSY, witĥ
the QCD correction factorη 2,S (B)(NLO) entering in the expressions for ∆M d and ∆M s in the MSSM is found to beη 2,S (B)(NLO) = 0.51 in the MS-scheme. This is to be compared with the corresponding quantityη B = 0.55 in the SM. Thus, NLO corrections in ∆M d (and ∆M s ) are similar in the SM and MSSM, but not identical.
The expression forη 2,S (K)(NLO)/η 2,S (K)(LO) can be expressed in terms of the ratiô η 2,S (B)(NLO)/η 2,S (B)(LO) given above and the flavour-dependent matching factors Z n f :
where we have used the numerical valueη 2,S (B)(NLO)/η 2,S (B)(LO) = 0.89 calculated by Krauss and Soff [7] , along with α s (m c ) = 0.34 and α s (m b ) = 0.22. Using the expression for the quantityη 2,S (K)(LO), which is given by the prefactor multiplying the square bracket in Eq. (44), one getsη 2,S (K)(NLO) = 0.53 in the MS-scheme. This is to be compared with the corresponding QCD correction factor in the SM,η tt = 0.57, given in Table 1 . Thus the two NLO factors are again very similar but not identical.
Following the above discussion, the SUSY contributions to ∆M d , ∆M s and |ǫ| in SUGRA theories are incorporated in our analysis in a simple form:
The quantities f d , f s and f ǫ can be expressed as
The functions f i , i = d, s, ǫ are all positive definite, i.e. the supersymmetric contributions add constructively to the SM contributions in the entire allowed supersymmetric parameter space. We find that the two QCD correction factors appearing in Eq. (51) are numerically very close to one another, withη 2,S (B)/η B ≃η 2,S (K)/η tt = 0.93. Thus, to an excellent approximation, one has
How big can f be? This quantity is a function of the masses of the top squark, chargino and the charged Higgs, mt R , mχ± 2 and m H ± , respectively, as well as of tan β. The maximum allowed value of f depends on the model (minimal SUGRA, non-minimal SUGRA, MSSM with constraints from EDMs, etc.). We have numerically calculated the quantity f by varying the SUSY parameters φ, mt R , m χ 2 , m H ± and tan β. Using, for the sake of illustration, m χ
= 400 GeV and tan β = 2, and all other supersymmetric masses much heavier, of O(1) TeV, we find that the quantity f varies in the range:
with the maximum value of f being at φ = 0. These parametric values are allowed by the constraints from the NLO analysis of the decay B → X s + γ reported in Ref. [6] , as well as from direct searches of the supersymmetric particles [8] . The allowed range of f is reduced as tan β increases. Thus, for tan β = 4, one has 0.15 ≤ f ≤ 0.42 for |φ| ≤ π/4. Likewise, f decreases as mt R , m χ 2 and m H ± increase, though the dependence of f on m H ± is rather mild due to the compensating effect of the H ± and chargino contributions in the MSSM, as observed in Ref. [6] . This sets the size of f allowed by the present constraints in the minimal flavour violation version of the MSSM.
If additional constraints on the supersymmetry breaking parameters are imposed, as is the case in the minimal and non-minimal versions of the SUGRA models, then the allowed values of f will be further restricted. A complete NLO analysis of f would require a monte-carlo approach implementing all the experimental and theoretical constraints (such as the SUGRAtype mass relations). In particular, the NLO correlation between B(B → X s γ) and f has to be studied in an analogous fashion, as has been done, for example, in Refs. [56, 57] with the leading order SUSY effects.
In this paper we adopt an approximate method to constrain f in SUGRA-type models. We take the maximum allowed values of the quantity R ∆ d (S), defined earlier, from the existing LO analysis of the same and obtain f by using Eq. (51). For the sake of definiteness, we use the updated work of Goto et al. [56, 57] , which is based, among other constraints, on the following:
• The lightest chargino mass is larger than 91 GeV, and all other charged SUSY particle masses are larger than 80 GeV.
• The gluino and squark masses are bounded from the searches at TEVATRON and LEP [8] .
• Constraints on the supersymmetric parameters taking into account the NLO calculation of the decay branching ratio B(B → X s γ) in the SM and the charged Higgs contribution in the MSSM [60] , and the updated experimental branching ratio from the CLEO and ALEPH collaborations, which at 95% C.L. is given by
This last constraint plays a rather crucial role in determining the allowed values of R ∆ d (S) -and hence of ∆M d (SUSY )/∆M d (SM) and |ǫ|(SUSY )/|ǫ|(SM) -as the magnitude of the SUSY contribution in ∆M d , |ǫ| and B(B → X s γ) are strongly correlated for the small tan β case [56, 57] . In fact, were it not for the bounds on B(B → X s γ) given above, much larger values of R ∆ d (S) would be allowed.
From the published results we conclude that typically f can be as large as 0.45 in nonminimal SUGRA models for low tan β (typically tan β = 2) [56] , and approximately half of this value in minimal SUGRA models [45, 55, 56] . Relaxing the SUGRA mass constraints, admitting complex values of A and µ but incorporating the EDM constraints, and imposing the constraints mentioned above, Baek and Ko [49] find that f could be as large as f = 0.75. In all cases, the value of f decreases with increasing tan β or increasing mχ± 2 and mt R , as noted above.
SUSY Fits
For the SUSY fits, we use the same program as for the SM fits, except that the theoretical expressions for ∆M d , ∆M s and |ǫ| are modified as in Eq. (50) . We compare the fits for four representative values of the SUSY function f -0, 0.2, 0.4 and 0.75 -which are typical of the SM, minimal SUGRA models, non-minimal SUGRA models, and non-SUGRA models with EDM constraints, respectively.
The allowed 95% C.L. regions for these four values of f are all plotted in Fig. 6 . As is clear from this figure, there is still a considerable overlap between the f = 0 (SM) and f = 0.75 20 Figure 6 : Allowed 95% C.L. region in ρ-η space in the SM and in SUSY models, from a fit to the data given in Table 1 . From left to right, the allowed regions correspond to f = 0 (SM, solid line), f = 0.2 (dashed line), f = 0.4 (dotted line), f = 0.75 (solid line).
regions. However, there are also regions allowed for one value of f which are excluded for another value. Thus a sufficiently precise determination of the unitarity triangle might be able to exclude certain values of f (including the SM, f = 0).
From Fig. 6 it is clear that a measurement of the CP angle β will not distinguish among the various values of f : even with the naked eye it is evident that the allowed range for β is roughly the same for all models. Rather, it is the measurement of γ or α which has the potential to rule out certain values of f . As f increases, the allowed region moves slightly down and towards the right in the ρ-η plane, corresponding to smaller values of γ (or equivalently, larger values of α). We illustrate this in Table 2 , where we present the allowed ranges of α, β and γ, as well as their central values (corresponding to the preferred values of ρ and η), for each of the four values of f . From this Table, we see that the allowed range of β is largely insensitive to the model. Conversely, the allowed values of α and γ do depend somewhat strongly on the chosen value of f . Note, however, that one is not guaranteed to be able to distinguish among the various models: as mentioned above, there is still significant overlap among all four models. Thus, depending on what values of α and γ are obtained, we may or may not be able to rule out certain values of f .
One point which is worth emphasizing is the correlation of γ with f . This study clearly shows that large values of f require smaller values of γ. The reason that this is important is as follows. The allowed range of γ for a particular value of f is obtained from a fit to all CKM data, even those measurements which are unaffected by the presence of supersymmetry. Now, the size of γ indirectly affects the branching ratio for B → X s γ: a larger value of γ corresponds to a smaller value of |V ts | through CKM unitarity. And this branching ratio is among the experimental data used to bound SUSY parameters and calculate the allowed range of f . Therefore, the above γ-f correlation indirectly affects the allowed values of f in a particular SUSY model, and thus must be taken into account in studies which examine the range of f . For example, it is often the case that larger values of f are allowed for large values of γ. However, as we have seen above, the CKM fits disfavour such values of γ. Table 2 : Allowed 95% C.L. ranges for the CP phases α, β and γ, as well as their central values, from the CKM fits in the SM (f = 0) and supersymmetric theories, characterized by the parameter f defined in the text. Table 3 : Allowed 95% C.L. ranges for the CP asymmetries sin 2α, sin 2β and sin 2 γ, from the CKM fits in the SM (f = 0) and supersymmetric theories, characterized by the parameter f defined in the text.
For completeness, in Table 3 we present the corresponding allowed ranges for the CP asymmetries sin 2α, sin 2β and sin 2 γ. Again, we see that the allowed range of sin 2β is largely independent of the value of f . On the other hand, as f increases, the allowed values of sin 2α become increasingly negative, while those of sin 2 γ become smaller.
The allowed (correlated) values of the CP angles for various values of f can be clearly seen in Figs. 4 and 5. As f increases from 0 (SM) to 0.75, the change in the allowed sin 2α-sin 2β (Fig. 4) and α-γ (Fig. 5) regions is quite significant.
In Sec. 2.1, we noted that |V ub /V cb |,B K and f B d B B d are very important in defining the allowed region in the ρ-η plane. At present, these three quantities have large errors, which are mostly theoretical in nature. Let us suppose that our theoretical understanding of these quantities improves, so that the errors are reduced by a factor of two, i.e.
How would such an improvement affect the SUSY fits?
We present the allowed 95% C.L. regions (f = 0, 0.2, 0.4, 0.75) for this hypothetical situation in Fig. 7 . Not surprisingly, the regions are quite a bit smaller than in Fig. 6 . More importantly for our purposes, the regions for the different values of f have become more separated from one another. That is, although there is still a region where all four f values are allowed, precise measurements of the CP angles have a better chance of ruling out certain values of f . Figure 7 : Allowed 95% C.L. region in ρ-η space in the SM and in SUSY models, from a fit to the data given in Table 1 , with the (hypothetical) modifications given in Eq. (55) . From left to right, the allowed regions correspond to f = 0 (SM, solid line), f = 0.2 (dashed line), f = 0.4 (dotted line), f = 0.75 (solid line).
In Table 4 we present the allowed ranges of α, β and γ, as well as their central values, for this scenario. Table 5 contains the corresponding allowed ranges for the CP asymmetries sin 2α, sin 2β and sin 2 γ. The allowed sin 2α-sin 2β and α-γ correlations are shown in Figs. 8 and 9, respectively. As is consistent with the smaller regions of Fig. 6 , the allowed (correlated) regions are considerably reduced compared to Figs. 4 and 5. As before, although the measurement of β will not distinguish among the various values of f , the measurement of α or γ may.
Indeed, the assumed reduction of errors in Eq. (55) increases the likelihood of this happening. For example, consider again Table 2 , which uses the original data set of Table 1 . Here we see that 65
• for f = 0 and 86
• for f = 0.75. Thus, if experiment finds α in the range 86
• -123
• , one cannot distinguish the SM (f = 0) from the SUSY model with f = 0.75. However, consider now Table 4 , obtained using data with reduced errors. Here, 67
• ≤ α ≤ 116
• for f = 0 and 97
• for f = 0.75. Now, it is only if experiment finds α in the range 97
• -116
• that one cannot distinguish f = 0 from f = 0.75. But this range is quite a bit smaller than that obtained using the original data. This shows how an improvement in the precision of the data can help not only in establishing the presence of new physics, but also in distinguishing among various models of new physics.
Conclusions
In the very near future, CP-violating asymmetries in B decays will be measured at B-factories, HERA-B and hadron colliders. Such measurements will give us crucial information about the interior angles α, β and γ of the unitarity triangle. If we are lucky, there will be an inconsistency in the independent measurements of the sides and angles of this triangle, thereby revealing the presence of new physics. Table 4 : Allowed 95% C.L. ranges for the CP phases α, β and γ, as well as their central values, from the CKM fits in the SM (f = 0) and supersymmetric theories, characterized by the parameter f defined in the text. We use the data given in Table 1 , with the (hypothetical) modifications given in Eq. (55). Table 5 : Allowed 95% C.L. ranges for the CP asymmetries sin 2α, sin 2β and sin 2 γ, from the CKM fits in the SM (f = 0) and supersymmetric theories, characterized by the parameter f defined in the text. We use the data given in Table 1 , with the (hypothetical) modifications given in Eq. (55) .
If present, this new physics will affect B decays principally through new contributions to B 0 -B 0 mixing. If these contributions come with new phases (relative to the SM), then the CP asymmetries can be enormously shifted from their SM values. In this case there can be huge discrepancies between measurements of the angles and the sides, so that the new physics will be easy to find.
In fact, there are several models which have new contributions, with new phases, to B 0 -B 0 mixing. However, these models do not predict what those phases are. That is, there are no predictions for the values of CP asymmetries in such models. All that can be said is that large effects are possible.
A more interesting possibility, from the point of view of making predictions, are models which contribute to B 0 -B 0 mixings and |ǫ|, but without new phases. One type of new physics which does just this is supersymmetry (SUSY). There are some SUSY models which do contain new phases, but they suffer from the problem described above: lack of predictivity. However, there is also a large class of SUSY models with no new phases. In this paper we have concentrated on these models.
There has been an enormous amount of study of SUSY models over the past two decades. Much of this work has concentrated on the minimal supersymmetric standard model (MSSM), in which the new phases are constrained by limits on the electric dipole moments of the neutron and electron to be essentially zero. Taking into account supersymmetry breaking, in supergravity (SUGRA) models, the SUSY-breaking parameters of the MSSM are assumed to take a simple form at the Planck scale. However, there are a variety of ways to do this, so that in fact there is a fairly large class of SUSY models in which there are new contributions to B 0 -B 0 mixing, but no new phases.
In this paper we have examined the predictions of such models for the unitarity triangle and explored the extent to which this type of new physics can be discovered through measurements of the sides and angles of the unitarity triangle.
In these models, there are new, supersymmetric contributions to K 0 -K 0 , B s mixing. The key ingredient in our analysis is the fact that these contributions, which add constructively to the SM, depend on the SUSY parameters in essentially the same way. That is, so far as an analysis of the unitarity triangle is concerned, there is a single parameter, f , which characterizes the various SUSY models within this class of models (f = 0 corresponds to the SM). For example, the values f = 0.2, 0.4 and 0.75 are found in minimal SUGRA models, non-minimal SUGRA models, and non-SUGRA models with EDM constraints, respectively.
We have therefore updated the profile of the unitarity triangle in both the SM and MSSM models. We have used the latest experimental data on |V cb |, |V ub /V cb |, ∆M d and ∆M s , as well as the latest theoretical estimates (including errors) ofB K , f We first considered the profile of the unitarity triangle in the SM, shown in Fig. 2 . At present, the allowed ranges for the CP angles at 95% C.L. are
65
or equivalently, − 0.91 ≤ sin 2α ≤ 0.77 , 0.52 ≤ sin 2β ≤ 0.94 , 0.35 ≤ sin 2 γ ≤ 1.00 .
We then compared the SM with the different SUSY models. The result can be seen in Fig. 6 . As f increases, the allowed region moves slightly down and to the right in the ρ-η plane. The main conclusion from this analysis is that the measurement of the CP angle β will not distinguish among the SM and the various SUSY models -the allowed region of β is virtually the same in all these models. On the other hand, the allowed ranges of α and γ do depend on the choice of f . For example, larger values of f tend to favour smaller values of γ. Thus, with measurements of γ or α, we may be able to rule out certain values of f (including the SM, f = 0). However, we also note that there is no guarantee of this happening -at present there is still a significant region of overlap among all four models.
Finally, we also considered a hypothetical future data set in which the errors on |V ub /V cb |, B K and f B d B B d , which are mainly theoretical, are reduced by a factor of two. For two of these quantities (|V ub /V cb | and f B d B B d ), this has the effect of reducing the uncertainty on the sides of the unitarity triangle by the same factor. The comparison of the SM and SUSY models is shown in Fig. 7 . As expected, the allowed regions for all models are quite a bit smaller than before. Furthermore, the regions for different values of f have become more separated, so that precise measurements of the CP angles have a better chance of ruling out certain values of f .
